Stereotype approximation property for the group algebra ${\mathcal
  C}^\star(G)$ of measures by Akbarov, S. S.
ar
X
iv
:1
80
3.
01
34
0v
2 
 [m
ath
.FA
]  
8 M
ar 
20
18
STEREOTYPE APPROXIMATION PROPERTY FOR THE
GROUP ALGEBRA C⋆(G) OF MEASURES
S. S. AKBAROV
In [1, 3] the author described the stereotype approximation property, an analog
of the classical approximation property transferred into the category Ste of stereo-
type spaces. It was noticed in [3] that for a stereotype space X the stereotype
approximation is formally a stronger condition than the classical approximation
(although up to now it remains unclear whether these conditions are equivalent or
not). For this reason the question of which concrete spaces in the standard pack-
age used in functional analysis have the stereotype approximation property is quite
difficult (the only exception is the case when the space has a topological basis in
some reasonable sence). In this paper we prove the following fact concerning the
stereotype group algebras C⋆(G) (defined in [2, 3]).
Theorem 1. For any locally compact group G the stereotype spaces C(G) of contin-
uous functions and C⋆(G) of measures with compact support on G have the stereo-
type approximation property.
Proof. The stereotype approximation is inherited under the passage to the stereo-
type dual space [3, Theorem 9.5], hence it is sufficient to consider the space C(G).
Each locally compact group G has a σ-compact open subgroup H , and for such a
subgroup the space C(G) is a direct sum of some family of copies of the space C(H):
C(G) ∼=
∏
g·H∈G/H
C(g ·H)
This implies that we can consider only the case when the group G is σ-compact. Let
us fix a compact neighbourhood of unity U0 in G. For any compact neighbourhood
of unity U ⊆ U0 let us choose a function ηU ∈ C(G) with the following properties
(here µ is a given left-invariant Haar measure):
supp ηU ⊆ U, ηU ≥ 0,
∫
G
ηU (t) · µ(dt) = 1.
Then ηU is a neighbourhood tending to the δ-function:
ηU ∗ f(t) =
∫
G
ηU (s) · f(s
−1 · t) · µ(ds) =
=
∫
G
∆
(
s−1
)
· ηU (t · s
−1) · f(s) · µ(ds) −→
U→1
f(t)
(∆ is the modular function on G, cf. [4]).
Let us show that the net of operators (not of finite rank so far)
PU : C(G)→ C(G) | PUf = ηU ∗ f
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tends to the identity in L(C(G)):
(1) PU
L(C(G))
−→
U→1
idC(G)
1. By the Ascoli theorem [5, 8.2.10] each compact set Φ ⊆ C(G) is a set of
functions equicontinuous on each compact set K ⊆ G. Hence for given K ⊆ G and
ε > 0 there is a neighbourhood of unity V in G such that
sup
f∈Φ, t∈K, s∈V
∣∣f(s−1 · t)− f(t)∣∣ < ε.
For any neighbourhood U ⊆ V , for any function f ∈ Φ and for any point t ∈ K we
have
∣∣(PUf − f)(t)∣∣ = |(ηU ∗ f − f)(t)| =
∣∣∣∣
∫
G
ηU (s) · f(s
−1 · t) · µ(ds) − f(t)
∣∣∣∣ =
=
∣∣∣∣
∫
G
ηU (s) · f(s
−1 · t) · µ(ds)− f(t) ·
∫
G
ηU (s) µ(ds)
∣∣∣∣ =
=
∣∣∣∣
∫
G
ηU (s) ·
(
f(s−1 · t)− f(t)
)
µ(ds)
∣∣∣∣ ≤
≤ max
t∈K, s∈U
∣∣f(s−1 · t)− f(t)∣∣
︸ ︷︷ ︸
>
ε
·
∫
G
ηU (s) µ(ds)︸ ︷︷ ︸
‖
1
< ε.
We can conclude that the operators PU tend to idC(G) uniformly on compact sets
Φ ⊆ C(G):
PUf = ηU ∗ f
C(G)
⇒
U→1,f∈Φ
f,
In other words, the net {PU ;U ⊆ U0} tends to the identity operator in the space
C(G) : C(G) (which was defined in [3] as the space of operators ϕ : C(G) → C(G)
with the topology of uniform convergence on compact sets in C(G)):
PU
C(G):C(G)
−→
U→1
idC(G)
2. Let us show that the net {PU ;U ⊆ U0} is totally bounded in C(G) : C(G).
Take a function f ∈ C(G) and note that the net of functions {PUf ;U ⊆ U0} is
uniformly bounded on each compact set K ⊆ G:
sup
U⊆U0
∣∣PUf(t)∣∣ = sup
U⊆U0
|(ηU ∗ f)(t)| = sup
U⊆U0
∣∣∣∣
∫
G
ηU (s) · f(s
−1 · t) · µ(ds)
∣∣∣∣ ≤
≤ max
t∈K, s∈U0
∣∣f(s−1 · t)− f(t)∣∣ · sup
U⊆U0
∫
G
ηU (s) µ(ds)︸ ︷︷ ︸
‖
1
=
= max
t∈K, s∈U0
∣∣f(s−1 · t)− f(t)∣∣ <∞.
On the other hand, the net {PUf ;U ⊆ U0} is equicontinuous on each compact set
K ⊆ G, since for any ε > 0 we can find a neighbourhood of unity V such that(
t1, t2 ∈ U
−1
0 ·K & t
−1
1 · t2 ∈ V
)
⇒ |f(t1)− f(t2)| < ε.
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and then for t1, t2 ∈ K with the condition t
−1
1 · t2 ∈ V and for s ∈ U ⊆ U0 we have
(s−1 · t1︸ ︷︷ ︸
∋
U−1
0
·K
)−1·(s−1 · t2︸ ︷︷ ︸
∋
U−1
0
·K
) = t−11 ·s·s
−1·t2 = t
−1
1 ·t2 ∈ V ⇒
∣∣f(s−1 · t1)− f(s−1 · t2)∣∣ < ε,
hence
∣∣PUf(t1)− PUf(t2)∣∣ = |(ηU ∗ f)(t1)− (ηU ∗ f)(t2)| =
=
∣∣∣∣
∫
G
ηU (s) ·
(
f(s−1 · t1)− f(s
−1 · t2)
)
· µ(ds)
∣∣∣∣ ≤
≤ max
s∈U0
∣∣f(s−1 · t1)− f(s−1 · t2)∣∣︸ ︷︷ ︸
>
ε
·
∫
G
ηU (s) µ(ds)︸ ︷︷ ︸
‖
1
< ε
Thus, the net {PUf ;U ⊆ U0} is uniformly bounded and equicontinuous on each
compact set K ⊆ G. By the Ascoli theorem [5, 8.2.10], {PUf ;U ⊆ U0} is totally
bounded in the space C(G). This is true for any function f ∈ C(G), therefore by [3,
Theorem 5.1], the net {PU ;U ⊆ U0} is totally bounded in the space C(G) : C(G).
Let us summarize what we told in 1 and 2: the net {PU ;U ⊆ U0} is totally
bounded and tends to the identity operator in the space C(G) : C(G). This means
that it tends to the identity operator in the pseudosaturation L(C(G)) =
(
C(G) :
C(G)
)
△
of the space C(G) : C(G). I.e. (1) holds.
Now it is sufficient to show that each operator PU can be approximated in
L(C(G)) by some operators of finite rank. Indeed, using the σ-compactness of G
we can choose a sequence of functions Fn in C(G×G) such that
(i) Fn(t, s)
C(G×G)
−→
n→∞
∆(s−1) · ηU (t · s
−1)
(ii) Fn(t, s) =
∑N
k=1 uk(t)·vk(s), where N ∈ N depends on n, and uk, vk ∈ C(G)
are functions with compact support on G.
Then the operators of finite rank
PUn f(t) =
∫
G
Fn(t, s) · f(s) µ(ds) =
N∑
k=1
uk(t) ·
∫
G
vk(s) · f(s) · µ(ds)
tend to PU in C(G) : C(G). Since PUn is a converging sequence, it is totally bounded
in C(G) : C(G). Therefore PUn tends to P
U in
(
C(G) : C(G)
)△
= L(C(G)). 
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